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PART I 



Let (B denote a Banach space over the real or complex field ff. Let 
9 ((B) denote the set of (not necessarily linear) operators that map (B 
into itself, with / the identity operator, and let \\ T \\ denote the 
"Lipshitz norm" of T for all T e 9 ((B) (i.e., 

H r || 4 S up ",f -**" )■ 

x,uc($, 1 1 -«- y ii 

||*-V||*0 

Observation: 

Let A and B belong to 9 ((B), and let g e (B. Suppose that there exists 
c e ff such that (i) (/ + cA)~ l exists on (B, (ii) \\A(I + cA) l \\ and 
|| B - el || are finite, and (hi) \\A(I + cA) l ||-|| B - cl \\ < 1. Then 
(B contains exactly one element / such that g = f + ABf. (It can be 
verified that under our assumptions, / e (B satisfies g = / + ABf if 
and only if / satisfies 

g = / -f A (I + cA )-'[(5 - cl)f + eg].) 

For the special case in which A is a linear operator, this result is well 
known* and has been applied often in the engineering literature [see, 
for example, Ref. 2]. The fact that it can be generalized as indicated 
suggests that the scope of its range of applicability to engineering prob- 
lems can be extended significantly. 

* The linearity of A plays an essential role in all of the previous proofs known 
to this writer. See, for example, Ref. 1. 
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PART II 

Let 3C denote an abstract linear space, over the real or complex field 
JP, that contains a normed linear space £ with norm || • ||. Let $2 denote 
a set of real numbers, and let P y denote a linear mapping of 3C into £ 
for each y £ Si, such that || P y h || ^ || h || for all h e £ and all y e SI. 
We say that a (not necessarily linear) operator T is an element of the 
set if and only if T maps 3C into itself and P y T = P v TP y on 3C for 
all y e SI. The symbol I denotes the identity operator on 3C. 

Proposition:^ 

Let A belong to G, and assume that A maps the zero-element of £ 
into itself. Let B map 0C into itself. Let / e 3C, and let g = f -f- ABf. 
Suppose that there exists X £ 5 such that 

(i ) (I + \A) is invertible on 3C, (/ + \A ) _1 £ 6, and A (I + XA ) _1 

maps £ into itself 
(ii) ?7x 4 sup { || A (I + \A ) _1 /i || / || A ||: A e £, A f< 0) < oo 
(iii) there exists a nonnegative constant k\ and a function p\(y) 
with the property that 

|| P y (B - \I)f || g fc x || P„/ || + px(y) for all ;, £ SI 

(iv) qxfcx < 1. 

Then 

II P y f || ^ (l - Wcx) _1 [(i + | x | fx) II P u g II + vxPx(y)] 
for all y £ SI. 

Proof: 

Let i/ta Then, since Bf = (I + XA) _1 [(B - X/)/ + Xp], we have 
*V = P„<7 - PyA (/ + XA)- ] [(B - X/)/ + ty] 

- P„<? - PyA (I + Xiir^KB - \I)f + Xfif], 

and hence 

II Pyf II ^ II P«9 II + * || P y [{B - \I)f + X?]|| 

^ II P*0 II + Vx || P»(B - X/)/|| + | X | 77x || P v g || 
^ (1 + | X | *)| PyQ II + ^x || PJ || + W x(2/), 

which establishes the proposition. 



t This proposition is a generalization of a result proved in Ref . 3, and is of con- 
siderable utility in stability studies of nonlinear physical systems. 
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Comments: 

Consider the important special case in which: 3C denotes the set of 
real-valued locally-square-integrable functions on [0, °° ), £ denotes the 
space of real-valued square-integrable functions x on [0, °° ) with norm 






x(t)'dt , 



2 = [0, oo ), and P u is defined by 

(P v h)(t) = h(l), te[0,y] 
= 0, t> y 

for all h e 3C. Suppose that A is defined on 3C by 

(Ah)(t) = koh(t) + / Mt - r) + h(t - T)]h{ T )dr 

for all h £ 3C, where k is a real constant, h and k 2 are real-valued meas- 
urable functions on [0,oo ), with k\ bounded on [0,oo ) and k 2 integrable 
on [0,oo ). 
Let 

K(s) = fro + f [ki(t) + k 2 (t)]e- e ' dt 

for a 4 Re [s] > 0, and, with X a real constant, assume that 

K(s) 



sup 

<r>0 



< CO. 



1 + \K(s) 

Then, with the aid of some known results 4 from the theory of Fourier 
transforms, it can be proved that 

(i) (/ + X^1) _I £ 9, and A (I + XA)' 1 maps £ into itself, 
(ii ) there exists a zero-measure subset 91 of [0, oo ) such that 



„-,0+ 1 + Xif (<7 + tO)) 


exists for all u £ & A [0, oo ) — 91, 


and 


(ii) rjx 4 || A(I + X4) -1 || = ess sup 


7C(«r + ia) 


™l 1 + Xtf(er + iu) 



These facts can be used to extend some of the results of Ref. 3 to a more 
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general class of integral equations. For example, let B denote the map- 
ping of 3C into itself denned by the condition that (Bh)(t) = b(t)h(t) 
for all t ^ and all h e 3C, where b ( • ) is a real- valued measurable func- 
tion with the property that there exist real numbers a and /3 such that 
a ^ 6(0 ^ jS for all t ^ 0. With g e £, let g = / + ABf with f e X. 
Let &i be a constant, and let 

K(s) = /bo + s~\ + f k 2 (t)e~ at dt 
Jo 

for all s e S 4 {s: s ^ 0, u ^ 0) . Suppose that 

1 + J(« + j8)fto^O (1) 

1 + H« + £)#(*) ^ for all s £ S, 



and 



|(/3 — «) sup 



! + *(« + 0)ff(i«) 



< I- (2) 



Then, an application of the proposition shows that f e £. This result, 
which is concerned with feedback loops containing a pure integrator, 
cannot be proved as an application of the result similar to our prop- 
ositions given in Ref . 3, because there A is assumed to map £ into itself. 
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